We derive the equilibrium hydrostatic equation of a spherical star for any gravitational Lagrangian density of the form L = √ −gf (R). The Palatini variational principle for the Helmholtz Lagrangian in the Einstein gauge is used to obtain the field equations in this gauge. The equilibrium hydrostatic equation is obtained and is used to study the Newtonian limit for f (R) = R − 
I. Introduction
From recent studies it seems well established that our universe is currently in an accelerating phase. The evidence of cosmic acceleration has arisen not only from the high-redshift surveys of type Ia supernovae [1, 2] , but also from the anisotropy power spectrum of the cosmic microwave background [3, 4] . One of the most accepted explanations is that the universe has been dominated by some form of dark energy for a long time. However, none of the existing dark energy models are completely satisfactory.
It is possible to find other explanations for cosmic expansion using field equations other than Einstein's equations. Recently, some authors have proposed to add a R −1 term in the Einstein-Hilbert action to modify general relativity [5] . They have obtained the field equations using the second order formalism, varying only the metric field, and have thus derived the so-called fourth-order field equations. Although the models were obtained using corrections of the Hilbert-Einstein Lagrangian of type R n , where n can take a positive or negative value to explain both the inflation at an early time and the expansion at the present time [6] . Apart from this ad hoc justification, there are also theoretical motivations for non-linear gravity from M-theory [6] . However, this model still suffer violent instabilities [7] . The Newtonian limit of these fourth order theories has been studied by Dick [8] There are also theories that are obtained from a Lagrangian density L t = √ −gf (r) + L m , which depends on the scalar of curvature and a matter Lagrangian does not depends on the connection,on this Lagrangian we can apply Palatini's method to obtain the field equations [9] .
In [10] , it was shown that is very difficult to test these models in the (post-) Newtonian approximation. The reason for this is that the departures from Newtonian behavior are both very small and are masked by other effects, due to the fact that these departures have to be measured when the body is moving "through" a matter-filled region.
Recently, Vollick [11] used the Lagrangian f (R) = R− a 2 3R , together with the Palatini variational principle to prove that the solution of field equations approach the De Sitter universe at a late time. This result was obtained using the well known property of the vacuum solutions. Thus, the inclusion of 1/R curvature terms in the gravitational Lagrangian provides us with an alternative explanation for cosmological acceleration.
In the present work, we use the first order or Palatini formalism [9] in order to obtain the equilibrium hydrostatic equation, for theories that are obtained from the Lagrangian density L = √ −gf (R) which depends on the scalar of curvature, and a matter Lagrangian that does not depend on the connection. This is done by means of a Legendre transformation which in classical mechanics replaces the Lagrangian of a mechanical system with the Helmholtz Lagrangian [12] . From this equation we have found the Newtonian limit in the particular case f (R) = R − a 2 3R , is a good Newtonian limit in same cases and is noth in others. This limit has been treated in the literature [13, 14] with no consensus about what the background metric is, that has to be perturbed. In this sense, the difference from previous works is that we obtain this limit from the equilibrium hydrostatic equation and we assume nothing about the background metric. In addition, we generalize the above result for the case f (R) = R − 1 n+2 a n+1 R n . Also, for this theory we see that the departure from Newtonian behavior is smaller as n increase.
In the next section we review the field equations and the basic structure of the theory. In section III we derive the the static spherically symmetric solution. In section IV we derive the equilibrium hydrostatic equation, modeling the star as a perfect fluid for f (R) theories of gravity. In the following section we determine the weak field limit from this equation. In section VI we calculate the weak field limit for singular f (R) gravity model, and in section VII we show the conclusions. This work is part of a graduation thesis [15] II. Helmholtz Lagrangian in the first order formalism
The action for an f (R) gravity in the Jordan(original) gauge with the metric g ab is given by [16] 
Here, √ −gf (R) is a Lagrangian density that depends on the curvature scalar R = R ab (Γ c de )g ab , S m is the action for matter represented symbolically by ψ and independent of the connection, and α m = 8πG, where we have taken c ≡ 1.
We consider that we have a smooth one-parameter (λ) family of field configurations starting from given fields g ab ,∇ c and ψ, with appropriate boundary conditions and, denote by δg ab , δΓ c ab , δψ the corresponding variations, i.e., δg ab = dg ab dλ | λ=0 , etc. Variation of the action S j with respect to g ab yields the field equations
where, f ′ (R) = ( df dR ) and the dynamical energy-moment tensor of matter is generated taking variation of the action of matter with respect to the Jordan metric tensor:
The trace of field equation (2), gives
where (4) fixes a unique relation, in general non-linear, between R and T . Varying the action with respect to the connection, and recalling that this is fixed al the boundary of U , we obtain:
From the field equation (5), it follows that this connection is given by the Christoffel symbols of the conformal transformed metricg
The metricg ab , defines the Einstein gauge in which the connection is metric compatible. The action (1) is dynamically equivalent to the Helmholtz action, given by [12] 
where p is a new scalar variable, and φ(P ) is an auxiliary scalar field determined by the following equation
Taking variations of the action with respect to p, and assuming that the Lagrangian of matter does not depend on the connection, we have
From the form of the scalar of curvature in the Jordan gauge and from (6) we obtain
ab is the scalar of curvature of the metricg ab . Transforming (7) to the Einstein gauge this action becomes the standard Hilbert-Einstein action with an additional scalar field
and choosing φ as the scalar variable (note that φ(p) = R ab (Γ)g ab i.e. is the scalar of curvature in the Jordan gauge) leads to
where V (φ) is the potential
Now the variation of the action with respect tog ab gives the field equations of the action (1) in the Einstein gauge [16] 
Then, considering (10) and taking trace of the before field equation we obtain
with the last equation being equivalent to equation (4) but written in the Einstein gauge.
III. Static spherically symmetric solution
Let us consider now a static spherically symmetric spacetime manifold with metricg ab in the standard form
The nonzero components of the Einstein tensor [17] ,G ab =R ab − 1 2Rg ab , arẽ
Let us now regard T t t and T r r as assigned, then the solution of the field equations (14) , in the region r ≤ r 0 where r 0 is the proper ratio of the star, are
whereM (r) is given byM
The spherical symmetry of the metric is, of course, invariant under the conformal change (6) and we can write the metric g ab in the form
Where we have used
. Thus, to return to the original gauge, we have to perform the inverse transformation (6) giving
and
This results are similar to that obtained in [18] , in that work was also proved that in all case the exterior metrics match correctly with the interior solutions.
IV. The equilibrium hydrostatic equation
In physical spacetime,the energy momentum tensor corresponds to a perfect fluid model:
In order to obtain T ab (f ′−1g ) we note that the energy momentum tensor will be of the form of a perfect fluid if u a u b transforms in the same way as the metric [19] 
φ). In order to derive the equation of equilibrium hydrostatic the field equation that we are interesting in, is
and making algebraic manipulations to separate γ ,r we obtain
whereM (r) is given by (20) and V (φ) by (13) . The matter action must be invariant under diffeomorphisms and the matter fields satisfy the matter field equations, thus [10] 
Therefore, a test particle will follow the geodesics of the metric connection. The equation (29) is written on Jordan gauge, and the energy momentum tensor is given by (25) since we model the star as a perfect fluid. Choosing the four-velocity to be pointing in the time like direction and normalizing it to u a u a = −1, it becomes
For our metric in Jordan gauge (21), the only nontrivial component gives, dp
and in order to combine this equation with equation (28), we now have to consider equation (6), then dp
Making a change by takin into account
and putting everything in terms of r ′ on the right hand side of equation (28), we can write:
Finally, we are ready to write the equilibrium hydrostatic equation in the Jordan gauge:
The equation (35) can be seen as equivalent to Oppenheimer-Volkoff equation. It is easy to show that for f (φ) = φ the equation (35) returns to the known result. This equation is very difficult to solve, for any model different from General Relativity, even if we consider an incompressible fluid. However,it is interesting that the simplest choice, corresponding to a non-trivial gravity model, is f (φ) = φ.
V. Newtonian limit of the f (R) gravity
In order to obtain the Newtonian limit of the f (R) gravity from the equilibrium hydrostatic equation, we assume p ≪ ρ, Gm(r) ≪ r and we take ρ small enough so that it produces a good approximation in the following Taylor expansion :
taking into account T = 3p − ρ ≈ −ρ. Similar expansions were made for the other quantities appearing in (35). In particular an expansion of V (φ) is given by the equation (13) V
VI. Newtonian limit of the singular f (R) gravity
Theories like those presented in [11] , ie R − α 2 R , which have a pole in R = 0, seem to explain the present accelerated expansion. But,there are still some obscure points about how to obtain their behavior in a weak field limit, particularly about what metric we have to use as a background metric. Dominguez and Barraco [14] perturbed around the de Sitter space-time, which is the maximal symmetric vacuum solution of the theory. Sotiriou [13] claimed that this procedure was erroneous, when ρ is near the mean density of the solar system, which, according to the final part of the last section, is correct. Therefore, he perturbed around the flat metric, which is not a solution of the theories but it could be near the vacuum solutions.
In our present work we suppose nothing about the background metric in order to obtain the Newtonian limit, and this is one of the principal difference with the previous works. First we found this limit for the theory:
For this theory, equation (4) gives
where we have to choose the minus sign in front the square root, in order to return to General Relativity when a −→ 0. We consider, p ≪ ρ, r ′ ≫ Gm(r ′ ) and
Here we are considering [13] 
Next, we have to approximate the others quantities appearing in the equilibrium hydrostatic equation, and take into account that in this approximationM (r ′ ) ≈ Gm(r ′ ), where m(r ′ ) is the ordinary mass appearing in General Relativity. Then, plugging into (35) we have:
and using (48) we have, in the weak field approximation:
The extra term in equation (51) is the correction of lowest order in a αmρ to the purely Newtonian behavior. Therefore, the last equation gives a good Newtonian limit for the theory. This limit is in accordance with the result obtained by Sotiriou.
We can show more generally that the theories
also has a good Newtonian limit. Equation (4) for these theories give
where the last equation has an approximate solution of the form φ(T ) ≈ −α m T ≈ α m ρ. Then using the expressions
considering these approximations in the context of equation (35) and carrying out exactly the same procedure as before − dp
Where the last term is the correction of lowest order in a αmρ . Note that for the case n = 1, the last equation returns to equation (51) and for n = 0 we return to General Relativity Finally, the above equation shows that these theories have also a good Newtonian limit.
VII. Conclusions
We have obtained the equilibrium hydrostatic equation in the Jordan -or physical-gauge, where the matter obeys simple conservation laws. This equation is the generalization of the Oppenheimer-Volkoff equation in General Relativity. We have studied the Newtonian Limit from the hydrostatic equation, and in section V we found an expression in the weak field limit fort the pressure gradient. In this section we saw that this result is not correct if we consider f (R) = R − a 2 3R gravity models with density typically related to a Newtonian regime. However the expansion (45) for dp dr ′ is perfectly accurate for this singular gravity if the conditions are such that α m ρ ≪ a. And, if this is the case, the theory does not give a good Newtonian Limit as previously shown Barraco and Dominguez [14] .
In section VI we have shown that the singular theory, f (R) = R − a 2 3R , and its generalization, f (R) = R − 1 n+2 a n+1 R n , have good Newtonian limits for densities such as the mean density of the solar system. The difference with previous works [14, 13] is that we found the Newtonian limit, in the spherically symmetric case, with no assumption about the background metric. Finally, in the general case, we have shown that n controls the departure from purely Newtonian behavior.
